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NOMNNC LATURE

(See also Figures 1-4)

A =K 2 rm C1

Ab = Area at base of projectile (ii2)

Ade Driving edge area of rotating ba 1ir 2)

(Ade)proj Projected driving edge area of ro ating bandj "s

B b C1 m (m- i)

C: Coefficient dependent on relation, hip between X and t, i.e.,
x = Ctm

Coefficient dependent on relationship between
Pg and t, i.e., Pg C2 tw

bD Bore diameter of gun (in)

D = Diameter of gun groove (in)

Dt Diameter of gun land (Note: Db and Dt are identical) (in)

Fb = Force at outside surface of band due to band pressure (ib)
44b

(See Figure 4)

j Fg = Force at base of projectile due to gas pressure, i.e.,SFg = Pg Ab tw (See Figure 4) (ib)

SI Moment of inertia of projectile along its longitudinal
axis (lb sec'2 in)

KI 4 ,onstant of proportionality between T and 8 Ade, i.e.,
T = K, 6 Ade (psi)

K 2  K 1 N tan a (psi)

2

. M = Mass of projectile (lb sec 2 /in)

N Number of lands or grooves of gun

OP Curve of projectile (See Figure 3)

OR = Curve of rifling (See Figure 3)

Pg Gas pressure (psi)9
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R Driving edge force (See Figure 4) (lb)

T Torque that is developed as rotating band is forced to

rotate through rifling due to firing (in lb)

___ Frnsei +
2 (m+ m +

b Coefficient dependent on rifling twist, i.e., Yr bxf

(for uniform twist rifling b = 17and 1 1) (See Figure 3)
- n

k = m- 2

-in.-. ~ 0td dependent on rtelationship between x and t, i.e.,

n = Constant of uniform twist rifling indiciting ntuiber of

bore diameters of lor~itudinal distance in which rifling of

gun makes one complete revolution

Dt DD
r = Radius of rifling - < r < 9,

2 2

rm = Mean of land and groove radii of gun (in)

t Time (sea)

w Exponent dependent on relationship between Pg and t, i.e.,

Pg = C2 tw

x Distance along longitudinal axis starting from origin

of rifling

3 Also, forward travel of projectile (at t = o, it is

assumed *' at the forward end of the band is at the

origin ot' rifling) 
(in)

Yp = Arc length swept by projectile, i.e., yp = rm Op (See Figure s) (in)
(in)

Yr Arc length swept by rifling, i.e., Yr =rm -'r

(See Figures 2 and 3) 
9

a Angle that forcing cone makes with longitudinal axis of gun

(See Figures 1 and 4) 
(rad)

A = Exponent dependent on rifling twist, i.e., Yr bxA (For

uniform twist rifling 13 i) (See Figure 3)

{ ii
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8 Driving edge displacement, arc length by which the
projectile falls to follow the rifling, i.e.,

7 Yr - yp (See Figure 2) (in)

0 = Angle that unrolled curve of projectile makes with
longitudinal axis of gun (See Figure 4) (rad)

r0 = Angle that unrolled curve of rifling makes with

longitudinal axis of gun (See Figures 3 and 4) (rad)

/A = Coefficient of friction between band ,and gun

(Ubiave = Average driving edge pressure of a rotating band in
the initial stages of engraving (psi)

= Angle of rotation of projectile (See Figure 2) (rad)

Or Angle of rotation of rifling (Se Figures 2 and 3) (red)

I1
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} .I. INTRODUCTION

In the past, driving .dge pressures usually referred to those thata
occurred after full entravmeont nf tQh blind. |lovevcr, in the case of a

I1,3rfn jetile sytpm (T140 112 run tube and TP-T79 H2 projectile.,
attention was focused to that region of the gun tube very close to the origin
of rifling. In this region there was evidence of rgun failure in the form of
accelerated erosion rate at the driving edge of the lands of the rifling.
FEnsuing investigations disclosed that crackling and peeling of the chromium
plating just beyond the origin of rifling on the driving edge side of the
gun lands occurred after one round of firing. In fact, in a 105mm gun
tube of the type referred to above, after only 73 rounds of firing, the
rifling was so badly damae.ýd that the gun lands had completely eroded
away.

It was believed ti,,at high driving edge pressures in this region of
initial engraving was a possible cause for the removal of the chromium

deposit which, in turn, acelterated damageo due to erosion. This report
presents an analysis of this phenomenon and provides a general expression
for determining driving edge pressures.

-..-- -.. - Unfortunately, some of' the trms in the general equation are not pre-
cisely known. However, approximate values of these terms and, therefore, of
driving edge pressures may be obtained by:\ a) assigning some reasonable value
to the coefficient of friction b'twe(en rotAting band and gun tube; b) determin-
ing instantaneous values of both gas pressure and acceleration of the pro-
jectile from proper ballistic data or drawingis; c) replacing the torque term
of the general expression as a function of driving edge displacement instead
of as a function of rotational acceleration of the projectile; and d) de-
termining values of new terms introduced by this replacement.

. Because uniform twist rifling is common, the above approach is carried
out to completion for this type of rifling. For general type twist rifling,
on the other hand, only the basic equations are presented. For clarity, the
derivation work involved in the analysis hasi been presented in the Appendixes.

j IH. DISCUSSION AND RESULTS

It should be emphasized that the equations presented in this reportI yield only average driving edge pressure of a rotating band since the distri-
bution of this pressure over the entire band is not known. However, this
average pressure is still of extrrem. importance because it may be high

A! enough to require a band of different design and/or a rifling coating of
greater strength than may hr called for by present design procedures.

Equation AS* is the most general expression for determining driving edge
pressures, but it is in a form from which numerical values can be obtained

'The ntubered equations referred to in this section are )!re that appear in Appendix A.

This document contains
blank pages that were

not filmed /I
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only with extreme difficulty. Part of the aim qf this report has been to
modify and reduce this equation so that solution of the resulting expressions
may be more readily performed.

i •Equation A13 represents a modification of this general expression and

has been derived by assuming that torque varies linearly with the product of
driving edge displacement and the projected driving edge area of the band,
i.e., T = KI 8 (Ade)proj

This assumption results in the relationship that the torque, which is
developed as the projectile first engages the rifling, is proportional to
the product of the corresponding driving edge displacement and square of the
axial distance travelled by the projectile, i.e., T = K2 S x2 . In order to
compute driving edge pressures by equations that are based upon the above
relationship, the values of both K2 and 8 must first be determined. The
constant of proportionality, K2, will be discussed next, but discussion of

4 •driving edge displacement, 8, will be treated later in this section.

4 iUnfortunately, no suitable analytical method is known for computing the
value of K2 which may be looked upon as a spring constant of a simple spring-
mass system where the rotating band represents the spring, the projectile
represents the mass, and the torque represents the forcing function on the
spring. However, a reasonable value of this constant can te determined ex-
perimentally. In fact, by means of static push tests, a value of K? has

4 :been found for a 105mm gun-projectile system of the type mentioned in the
vIlable at the T retica, and Appliedeasfh• • Introduction of this report, and the details of his experimental work are

available at the Theoretical and Applied Mechanics Branch of Watertown Arsenal
Laboratories.

It is recognized that static push tests do not include the dynamic re-
sponses of the system and of the materials. Until suitable dynamic test
results are available, however, static push test results must be relied upon.

Equations A29 and A30 are modifications of Equations A\and A13, re-
spectively, restricted specifically to uniform twist rifling. All terms
appearing in ther- equations have been presented such that their nuerical
values as well ad those of driving edge pressures may be computed.

mIn thii report no attempt has been made to establish an equation for
determining the value of driving edge displacement, 8, for generalýtype twist
rifling. However, Equation A51, an expression for finding the value of 8 (in
terms of t), has been derived for the specific case of uniform twist rifling.

It is also assumed that when the front of the unengraved band is at the
origin of rifling the projectile has zero acceleration, i.e., no free run.

It should be remembered _that the equations presented in this report are
valid, within the assumptions made, only for initial stages of engraving.
For the case where the band is fully engraved, use of References 1 and 2 is
recommended.

-4-



Finally, it must be recognized that further study is needed for more
precise determination of initial driving edge pressures and that the
equations presented in this report should be relied upon to give orders of
magnitude rathor than actual valuos.

--5--
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APPENDIX A

DERIVATION OF EQUATIONS FOR DETERMINING INITIAL
DRIVING EDGE PRESSURES OF A ROTATING BAND

The general equations of motion are derived by considering all forces
acting on the projectile, and simultaneous solution of these equations leads
to a general expression for driving edge pressures. Simplifying assumptions
are made to obtain expressions in presently usable form for the particular
case of uniform twist rifling. For convenience, this section is divided
into two parts: the first, applicable to general type twist rifling; the
second, restricted specifically to uniform twist rifling.

PART I - GENERAL EQUATIONS FOR GENERAL TWI0T RIFLING

General equations of' motion

From the free body diagrams of Figure 4 the general equations of
motion both in the axial and rotational directions may be quickly derived:

Md 2  F R (sin r + /t Cos Or) - Fb (sin a + jL cos a cos p) (Al)
dt2

I_ r -m R (Cos Or - j sin Or) - it rm Fb cos a sin 0p (A2)
dt

2

Driving edge force

Simultaneous solution of the above equations for driving edge force, R,

leads to:

F Mm dri i 0 1 2 tna+acs(3
R= [Cos r -ysinOr] [tan a + y cos op] + [sin Or + cos Or] [p. sin 0p]

Driving edge area

It can be shown (refer to Figure 1) that the total driving edge area of
a rotating band, Ade, may be represented as:

j' [ d~) 2 ]2-
Ade N tan a I x dx (A4)

-10-



General expression for driving edge pressure

A general expression for determining average driving edge pressure may
be obtained by dividing Equation A3 by Equaticn A4:

19d• an a. + ,ca \

ota f()] 1! - r]{a' a + cos.e +[in 1e +/ co 1r]

Torque expressed as a function of driving edge displacement

Unfortunately, the existence of the term in the numerator makes
dt 2

the above equation non-usable. However, torque may be defined as:

d2 •p :i

T=I (A6)
dt

2

Also, it is reasonable to assume that torque varies linearly with the
product of driving edge displacement and projected driving edge area (see
Figure 1), or that:

T = K1 8 (Ade)proj (A7)

'r . .Figure 1 it is seen that the projection of driving edge area may
be expressed as:

(A N x2 tan a
de)proj 2 ()

If the uuove value for projected driving edge nrea is ,,uhstituted for
that shown in Equation A7, the following result will be obtained:

KI 8 N x2 tan a

Modification of Equation A-5

Since Equation A6 and A9 are both expressions of torque, the right hand
sides of these equations may be set equal to each other to yield:

k I2p - K1 5 N x2 tan a (A1O)

dt 2  2

-11-..



The above equation may be rewritten as:

d 2o
I p K2 x 2  (All)

where

K N tan a
2 - 2 (Al2)

The value for I- given in Equation All may be substituted for that
dt

2

shown in Equation A5 to obtain a modification of the general expression:

i~~b~ ~L p'",dtJ..j [......SJ ., L,.,'J..]L.,.]
10 O. 1 r It

US 4 fA~ d) I diLo Or A al 0 na+toIllo UtoO] [A *to a

(Al3)

PART II - GENERAL E;QUATIONS FOR UNIFORM TWIST RIFLING

Since uniform twist rifling is most commonly used, modifications for
this particular type rifling are made. Before these modifications can be
presented, however, it becomes necessary to interrelate the following terms:

Terms containing x

x may be expressed as a function of t:

x = C1 tm (AI4)

where the values of C' and m must be determined fromi the data of firing
tests or from appropriate ballistic drawings.

Squaring of both sides of Equation A14 leads to:

x2  C1
2 t 2m (AI5)

-12-



First and second derivatives of Equation A14 with respect to t yield:

dx C tm - 1
dt I(A l6) ... - ,

d2x = C1 m (m -i) tm 2
dt2 (A17)

First derivative of t with respect to x, on the other hand, may be (

obtained by the inverse of Equation A16:

dt= 1\

dx CI m tm- (A18)

Also, from Equation A14, t may be expressed as a function of x:

t x ~m (AIg)

From Figure 3B It is seen that:

Yr=b X (A20)

where

b = (A21)
n

Terms containing Or

Also from Figure 3B it is seen that:

tan Or - dyr - b (A22)
. - dx

sin 8r- b (A23)r ( + b2)ý >

Cos Or :(i"+ b2) (A24)

-13-



The pertinent equations previously shown, now restricted to uniform
twist rifling, may be rewritten:

General equations of motion -

R Fg + Fb (sin a + COB a Cos Op)
dt 2  (1 + b2 ) (An)

d2  R(l-/.b) o
_-__=rm (i+b -L CO a sin

dt2 .(1 + b2?. (A26)

Driving edge force

d2xd i
.b2] {[in.b ] n + [ tan+ a + PCos

(A27)

[lIU b] [tan a +icos Op] + [b+ u] [/Asin p]
PI

Driving edge area

SAde - 2tan a (i2+ b2)8)

Modification of Equation A5

P, [F - -d2x 2o
•:t . g-M t2] [ sin8Op + an-+ ýcoP

rm dt 2  [ a + C c }

(b%)ave = (A29)

Nx 2 tana {l-Lb] [tan a + p cos p + b + u p sin p
'PI I' IJ a,

Modification of Equation A13

2 {[FgM-]M d 1 n +[r 8 x2 an + cos }

S~ (%lave=

SNx
2 tan a -/b] [tan a + /cos o + b + AL sin (p

The remainder of this section will supply additional interre' tions of
terms that appear in the derived equations, applicable to uniform Pwist
rifling, so that the values of these individual terms as well as thdse of
driving edge pressures may be computed.

-14-
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Gas pressure force

P may be expressed as a function of t:

Pg= C2 tw (A31)212, where, once more, the values of C2 8nd w must also be determined from the
data of firing tests or from appropriate ballistic drawings.

Then,

rg Ab Pg C2 Ab t (A32)

Value of p

By definition:

Yp Yr - (A33)

The tangent of 0 may be expressed as:

tanGOp: pddr dS (A34)
P dx dx dx

The last term of the above equation may also be represented as:

d_ dd dt
TX d f dT " -x \(A35)

If the value of dt shown in Equation A18 is substituted into the above
equation, it becomes:_dx

Sd8 _ d8

dx C1 M tml (A36)
I

Substitution of the above value of d8 as well as the value ofSdx dx
shown in Equation A22 into Equation A34 yields:

d8

tan b - dt (A37)
p CI m tm-1 l

Therefore,

p tan- 1  b - -. (1438)
C I m tmn-

-15-
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Value of 8

Op may be expressed as:

6p •Yp --- (Yr - 8) (.A39)
rm

First and second derivatives of the above equation lead to:

a- r A dt ) (A40)

d2p d2yr d2  (A)
dt2 ri\kdt2 -t-2(41

inm

Multiplying both sides of Equation All by -m yields:

d2rk- K2 8r. x2"_ 2 m (A42)
dt 2  I

If the value of d' 2p shown in Equation A41 and the value of x2 shown
dt 2

in equation A15 are substituted into the above equation, it becomes:

( 1d . d 2 8> Srm c2 ~1-dr' _dt 2j I (A43)

First and second derivatives of Equation A20 yield:

dyr dx
- b - (A44)

dt dt

dd2x
b - (A45)

dt 2  dt 2

If the value of d2 x shown in Equation Al7 is substituted into the
dt

2

above equation, it becomes:

dfyr = b C1 m (m - 1) tmi-2 (A46)

dt
2

-16-



If the above value of dIyr is substituted into Equation A42, it maydt2

be rewritten as:

d8 KSrmG~t~m
d28 K2_r 1 bClm(m_ l)tm- 2  

(A47)dt2 I

Let

2 KrC• (A48)

I

and

B bC 1m(m-i) (A49)

Then Equation A47 becomes:

d',S
dtP + Aht2 m Btm-2 (A50)

Solution of the above equation for 3, the details of which are given
in Appendix B, loads to:

- 1 Sm i

Sr ~ (r - 2,(m + 1))

1
r (A 2r2 2 rI l) 1(A)

( Xi- tt 2r(m ) +1

r- r+ r+ 1

2 1

• • (-1)r /A Pr +__k _

L _,)r(2( 1)) t2r(m + 1) + (
(r + 1)) ,

r=0~~ 2(r m+ 2r(m+))

- 17-



A1
(-) .(J, • 2(ml tl m1.-2r t.r (m + 1) + m - 1

ro rl I___ 2r(m +1) +m -j

where

F 
(A52)

2(mlJ ( 1) 2(m + 1))

Value of -1dt'•

First derivative of Equation A51 with respect to t yields:

7(l- 2(m -- L) r(i+) ~ m+I

dt W r=o r!)tmr i -

1

v 2r( + l) m

S (lr ( " 2rm+l) (A53)

L L2r(m + iA + 1 it2r(m + I)r o -1 ¢ r

rl (r + I''r V'A> r 2(m +1)

References 3 and 4 were relied upon in order to obtain the solutions

presented in this section,

- 18-



APPENDIX B

SOLUTION OF DRIVING EDGE DISPLACEMENT AS A
FUNCTION OF TIME FOR UNIFORM TWIST RIFLING

In order not to detract from the continuity of the derivation pre-
sented in Appendix A of this report, the detailed steps involved in the
solution of Equation A50 were omitted. These steps, however, which have
been made self-explanatory, are presented in this section.

Equation to be solved

d28 BI
dt+- ASt 2 m = Btm- 2 (Bi)

where

X 2
A = KrmC- 1  (B2)

I

and

B = bClm(m -i) (B3)

Let

m- 2 = k (B4)

d •

-- = 
(36)

dt

nrd2d

dt2 o(6

Initial conditions

at t o, both 8 = o and 8' = o (B7)

Homogeneoubulut10...

8" + AtPm 8 = o (BB)

S. t2 J-" tm+• (B9)

2m÷ +2



c~t ~___ IA7. tmn.l) + 0c~t•J (A thm+l) (BI0)
a =- ctlt J I Ti M BO

2m +2 2m +2

Variation of parameters

8" + At 2m 8 - Btk (Bll)

8 = cl(t)81(t) +c 2 (t)6 2 (t) (B12)

where

1)= t 1i (Q tm+l (B13)

1-2

and

t= t (u7. tml) (B14)

2m +2

Then

,' - ci~ll+ C282 + 01 Si+ c 2S• (B15)

8" c +o•5•+c 10'8' (B16)

and

cjj + . .+ cS + c... 2 l+ tA2m8 1 +c2 AtA4 2  B Dtk (BI?)

for it is assumed that:

cjS1 + 82 - o (Bla)

Now

cib1 + c85 = Btk (B19)

-20-



Then

Btk . - 528tk (B20)

8•• '.1 Bkj . S1Btk B1

W W

B it s 2tkdt (B22)
W o

and

C2  f &it dt (B23)
W 0

(It can be shown that in this case the value of the Wronskein, W, is
a constant.)

S = s8(t) f t2(s)skds + 82 (t) [ fS 1 (s)skds (B24)

[ Ll 2 m÷ 0 m 0

(B26)

- s½J M + ) i
2m 4 2 2m+2 (

-21-



sm +I 1 Q(s) (B27)
m+1

+1 tm 1 Q(t) (B28)m~l

B ft 8 k+it½1j
2 i_ [Q(s)] x 1 [Q(t)]

w S-0 2m+2 2rn +2

()329)

J- . 1 -2[Q(13)] J 2 1 +2 Q(t)] cia

W . 8i1- 21 (B30)

Let

.- a (B31)
m.l

ti j 1 (atm+l), 82 t tJ I (atm+e1) (B32)
Pin+2 2m+2

1 1

an+2 ",)+_2 2m +

-22-



-_ 1
- (2z)m+ 2

2m +2

\2n +2+
11

(7- -- 1 (B34.)

1 2m ÷2
2m + 2

1( 2z)

J -Tm1-+ Z) 2m +- 1 
1)

m + 2m + 2 m

1 t J 1 (-tm1)+ tl(aC2tm+)2 ÷+2 (B35)

2m+2

11

2m + 2

1

(I,)2m•+ 2

_ - -F o (B31)
-m +2

2m ~ \2 +2 2/a-

-+2 2)m+ + 2)
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Wm2 - / = 1.

sk j 'T (as' d r- 1: t k+M

2m +2 2

2r +2

J 1 (Z) r 1 o rl + '( 0• +.__• •o (r 2_) 24.

2r +

2 r + 2 - - --

sk aJ l(c~m 41 +I\2) 82rm.1 +k+ +n5

2mF+ 2 r- o rl r 2-

2r +

1)rX0+ 1 m

t 8k+ ( .m + 1) r K oIE, L22r(m+ i) +k+ 1 (B42)

2m + 2 rro rm / 1\--- 0

t (• 2r + I
F J k +• J m +l1)s = 7(- )r

fo t r-o + Lm+ ~r -i ) x 2r + m1+ 2r( + 1)+k~lds (B44-)
S02 + 2 ro rl (r+ S-o
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t~ r~ a 2rm+ E2 t 2r (m +1) +k +2
90 + +

2m.2 rm +

k+½J 1 (•sfl1+1) = 8 k+• (B346)

2m 2m ++ r ri (r +

2r- 1

S(i r( as) 2m + 2

s(sm+i) = 1 s/ +2r(ml) k (B46)
r-o ri (ro 2m+?)

k +2 ~ 1 ( m1)d f 2r(m +1) + k d (B347)

2m +2 r! r(r1

2r- 1
r(_, )r \ m + 2

ft sk + 1 (asm+l)ds 2": (-i)ft s 2r(m+1 ) +kds (B46)

f k nm +2 r rl 2- I 2

2r - 1

a) 2m +2
Sk½ 4 c(+•)m + k~ds + 1 (-25-f~ r (s 1os Y (B49)

s02m + 2 r !o 2l +) rm + J)+k
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8i(t) . tT 1 (atm +1) (B50)

2m + 2

S2 (t) - ti J I (atm +1) (BS1)
2m .2

12r +

r/atm ) I + 2m + 2

rOD ri r2 __ (B52)

8 1 (t ) Y- o t i*m- f

2r+ 1
( _ ])r ( 2 2m .2

S (t)r(%) 2 m. t2r(m + 1) + 1 (B53)
r=o ri ( 2m+ 2'

2r -

( _)r ~ tm + - 2m + 2

2o t'• (B54-)

r- 2m 6 -
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2r- 1

r~o r( 2m- +2

1 __2r r t(m +1 r(m4l)+k

""(t) " (52m5) "

(B561

r =e 0 ~
+ 1 ~ r

~~~Vf~ ~ ( mi 1- 2)~~L\2

Finally:

2rm- 1 2r + 1

(Bl+O t2r(m 1 (_i)r(L) 2tm+ 21 +k+2

8ý =0 trm l t2r(m~l)+k

2r r I_

Lo r! r - ) r 1

t2m+ + 2m 2.

The above solution is that which is shown as Equation A51 in Appendix A.
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